We propose a general concept of triplet of Hilbert spaces with closed embeddings, instead of continuous ones, and we show how rather general weighted L 2 spaces yield this kind of generalized triplets of Hilbert spaces for which the underlying spaces and operators can be explicitly calculated. Then we show that generalized triplets of Hilbert spaces with closed embeddings can be naturally associated to any pair of Dirichlet type spaces D α (D N ) of holomorphic functions on the unit polydisc D N and we explicitly calculate the associated operators in terms of reproducing kernels and radial derivative operators. We also point out a rigging of the Hardy space H 2 (D N ) through a scale of Dirichlet type spaces and Bergman type spaces.
The operator A = j + j * + is called the kernel operator of the closely embedded Hilbert space H + with respect to H, cf. Schwartz [23] . The model for closely embedded Hilbert spaces follows the results on the Hilbert space R(T ), as defined in [12] .
We now extend the notion of triplet of Hilbert spaces to that of triplet of closely embedded Hilbert spaces. By 
Given a triplet (H + ; H; H − ) of closely embedded Hilbert spaces, and letting j ± denote the corresponding closed embeddings of H + in H and, respectively, of H in H − , the kernel operator A = j + j * + is a positive selfadjoint operator in H that is one-to-one. Then, H = A −1 is a positive selfadjoint operator in H and it is called the Hamiltonian of the triplet. Note that, as a consequence of (th3), we actually have Dom( j * + ) = Dom( j − ). In this article we exemplify the abstract notion of triplets of closely embedded Hilbert spaces by a class of spaces of holomorphic functions on the unit polydisc that are called Dirichlet type spaces. The class of Dirichlet type spaces, see Sect. 3 for definition, has been introduced and studied in connection to multipliers' theory by Taylor [24] , for the one dimensional case, and by Jupiter and Redett [16] , for the multidimensional case. In this respect we note that the notion of "H 2 duality", that is well-known in the theory of spaces of analytic functions, is close to the notion of triplet of Hilbert spaces when the middle space is the Hardy space H 2 , e.g. the H 2 duality of Dirchlet and Bergman spaces as in Axler [4] , the H 2 duality of the weighted Bergman space and the Besov space as in Khrushchev and Peller [18] , or the general H 2 duality for Banach spaces of analytic functions as in Aleman, Richter, and Ross [1] . In the case of the multidimensional Dirichlet type spaces on the unit polydisc the weights can have different asymptotics on different directions and hence the classical continuous embeddings may not apply. Our point is that, the closed embeddings can always do the job, with almost no loss, of comparing any pair of Dirichlet type spaces, and that triplets of closely embedded Hilbert spaces and the underlying kernel operators, Hamiltonian operators, and the like, can be naturally associated and explicitly described.
The main result of this article is Theorem 3.1 showing that for any multi-indices α and β, the Dirichlet type spaces D α and D β yield a triplet of closely embedded Hilbert spaces (H + ; H; H − ) with H + = D β , H = D α , and H − = D 2α−β , the kernel operator A = j + j * + of this triplet is an operator of integral type with kernel provided by the reproducing kernel of the corresponding Dirichlet type Hilbert space and, more generally, both the Hamiltonian H = A −1 and the kernel operator A are special cases of radial derivative operators in the sense of Beatrous, Burbea [5] . The technicalities of this result are treated in Sect. 2, in the more abstract setting of triplets of Hilbert spaces generated by weighted L 2 spaces, cf. Theorem 2.1 and its Corollary 2.2. In Sect. 4 we consider probably the most important case, when the middle space is D 0 , which coincides with the Hardy space H 2 of the polydisc. In this particular case, the kernel operator is an integral operator defined by the reproducing kernel and we relate the spaces with the classical Dirichlet spaces and their conjugate dual spaces with the Bergman type spaces, see Proposition 4.1. We also make explicit the special cases of α > 0, α < 0, and N = 1, when even more explicit formulas can be obtained, and the relation to the classical Dirichlet and Bergman space can be clarified as well. As a by-product, we briefly describe a rigging of the Hardy space H 2 (D N ) through a scale of Dirichlet type spaces.
Throughout this article we use the terminology and basic facts of operator theory in Hilbert spaces as can be found, e.g. in the monographs of Berezansky, Sheftel, Us [8] , Birman and Solomjak [9] , or Kato [20] .
Triplets of L Spaces
Let (X ; A) be a measurable space on which we consider a σ -finite measure μ. A function ω defined on X is called a weight with respect to the measure space (X ; A; μ) if it is measurable and 0 < ω(x) < ∞, for μ-almost all x ∈ X . We observe that W(X ; μ), the collection of weights with respect to (X ; A; μ), is a multiplicative unital group. For an arbitrary ω ∈ W(X ; μ), consider the measure ν whose Radon-Nikodym derivative with respect to μ is ω, denoted dν = ωdμ, that is, for any E ∈ A we have ν(E) = E ωdμ. We claim that ν is always σ -finite. Indeed, since μ is σ -finite, there exists a sequence (X n ) n of subsets in A, such that X n ⊆ X n+1 and μ(X n ) < ∞ for all n ≥ 1, with X = n≥1 X n . We consider the sequence of measurable subsets of X 1) and note that A n ⊆ A n+1 for all n ≥ 1 and that X \ n≥1 A n is a measurable set of μ-measure zero. Also,
hence ν is σ -finite. Also, with the notation as before, recall that the Hilbert space L 2 (X ; ν) can be viewed as the weighted space L 2 ω (X ; μ) of all measurable functions f : X → C, modulo identification μ-a.e. on X , such that
and naturally organized as a Hilbert space with respect to the norm · 2,ω . We consider the vector space
In the following we prove that S is dense in both L 2 (X ; μ) and L 2 (X ; ν). Let f ∈ L 2 (X ; μ) be arbitrary and, for any natural number n let f n = f χ A n , where A n are defined at (2.1). Clearly, f n ∈ L 2 (X ; μ) for all n ≥ 1. In addition, note that
On the other hand, the sequence (A n ) n≥1 is nondecreasing and X \ n≥1 A n has μ-measure zero, hence f n → f μ-a.e. on X . Since,
we can apply the Dominated Convergence Theorem and conclude that f n − f 2,μ → 0, where
In order to prove that S is dense in L 2 (X ; ν) as well, let g ∈ L 2 (X ; ν) be arbitrary, and define g n = gχ B n , where
is a nondecreasing sequence of sets in A and, due to the assumption that ω > 0 μ-a.e. on X, it follows that X \ n≥1 B n is a measurable set of μ-measure zero, hence g n → g μ-a.e. on X. Since
it follows that g n ∈ L 2 (X ; μ), hence g n ∈ S for all n ≥ 1. On the other hand, |g n −g| = χ X \B n |g| ≤ |g| for all n ≥ 1. Thus, we can apply the Dominated Convergence Theorem and conclude that g n − g 2,ν → 0 as n → ∞, where · 2,ν denotes the norm in L 2 (X ; ν). We have proven that S is dense in L 2 (X ; ν) as well.
Further on, we consider the operator
, where Dom( j + ) = S is defined at (2.2), and j + f = f for all f ∈ Dom( j + ). Thus, j + is densely defined and has dense range. In the following we prove that j + is a closed operator. In order to see this, let ( f n ) be a sequence of functions in Dom( j + ) = S such that f n − f 2,ν and f n − g 2,μ as n → ∞. For any m ∈ N consider the set B m as defined in (2.3) and note that
hence f = g μ-a.e. on B m and then, taking into account that X \ m≥1 B m is a set of μ-measure zero, it follows that f = g μ-a.e. on X . Thus, g = j + f , and we conclude that the operator j + is closed. In order to determine explicitly the adjoint operator j * + , recall that, taking into account the definition of j + , Dom( j * + ) consists of all f ∈ L 2 (X ; μ) for which there exists g ∈ L 2 (X ; ν) with the property
and, in this case, j * + f = g. After a moment of thought we conclude that f = ωg μ-a.e. on X , equivalently, g = ω −1 f μ-a.e. on X . Thus, 4) and
Further on, denote
and note that, so far we proved that H + is closely embedded in H, with the closed embedding j + :
, and such that Ran( j + ) = Dom( j + ) = S is dense in H. In the following we define a third Hilbert space H − in such a way that (H + ; H; H − ) will be a triplet of closely embedded Hilbert spaces, in the sense of the definitions (th1)-(th3) in the Introduction. To this end, on Dom( j * + ) we define an inner product ·, · − by
more precisely, 6) with the remark that Dom( j * + ) is a subspace of L 2 ω −1 (X ; μ). Recall that the measure space (X ; A; ω −1 μ) is σ -finite as well, since ω −1 ∈ W(X ; μ). Note that the measure μ is absolutely continuous with respect to the measure ω −1 μ and the Radon-Nikodym derivative dμ/dω −1 μ is ω. Thus, we can prove, in a perfectly similar fashion to the proof of the fact that
and also let j − be the operator with Dom(
In a similar fashion as before, we can show that j − is a closed embedding. In addition, since Ran( j − ) = Dom( j * + ), it follows that j − has dense range in
We now show that, for any g ∈ Dom( j − ) = Dom( j * + ), we have
Indeed, we consider the linear functional l g : S → C defined by
and note that l g is bounded, with respect to the norm · + , since g ∈ Dom( j * + ). Thus, l g can be uniquely extended as a bounded linear functional l g : H + → C and there exists uniquely v = j * + g ∈ H + such that l g ( f ) = f, v + , for all f ∈ H + . In addition, we have
where H + denotes the topological dual space of H + . Taking into account that, by definition, g − = j * + g + , the formula (2.7) follows.
,
and H f = ω f for all f ∈ Dom(H ).
Finally, let us observe that Dom(H ) is a subspace of H
, hence H can be viewed as a linear operator acting from H + and valued in H − . In this respect, and taking into account the corresponding norms, note that 8) and it is easy to see that is unitary. is called the canonical unitary identification of H − with the conjugate dual space of H + . We summarize the facts proved so far in the following theorem. Recall that given a measurable function ϕ : X → C, the μ-essential range of ϕ, denoted ess ran(ϕ) is, by definition, the set of all complex numbers λ with the property that, for any > 0, μ({x ∈ X | |ϕ(x) − λ| < }) > 0. Also, for a linear operator T acting in a Hilbert space, we denote its spectrum by σ (T ). In the following statement we point out a triplet of closely embedded Hilbert spaces generated by two weigthed L 2 spaces, which is actually equivalent with Theorem 2.1. This statement is useful during the next section.
Theorem 2.1 Let ω be a weight on the σ -finite measure space (X
; A; μ). Let H 0 = L 2 (X ; μ), H + = L 2 ω (X ; μ) and H − = L 2 ω −1 (X ; μ). Then (H + ; H 0 ; H − ) is a
triplet of closely embedded Hilbert spaces for which: (a) The closed embeddings j
± of H + in H 0 and of H 0 in H − have maximal domains L 2 ω (X ; μ) ∩ L 2 (X ; μ) and, respectively, L 2 (X ; μ) ∩ L 2 ω −1 (X ; μ). (b) The adjoint j * + is defined by j * + h = ω −1 h for all h ∈ Dom( j * + ) = L 2 (X ; μ) ∩ L 2 ω −1 (X ; μ). (c) The kernel operator A = j + j * + is defined by Ah = ω −1 h, for all h ∈ Dom(A) = L 2 (X ; μ) ∩ L 2 ω −1 (X ; μ) ∩ L 2 ω −2 (X ; μ).H − → H + . (d) The Hamiltonian H = A −1 is defined by H h = ωh for all h ∈ Dom(H ) = L 2 (X ; μ)∩ L 2 ω (X ; μ)∩ L 2 ω 2 (X ; μ
Corollary 2.2 Let (X ;
A; μ) be a σ -finite measure space and ω 0 , ω be two weights Proof This is a consequence of Theorem 2.1 once we calculate the corresponding Radon-Nikodym derivative of ωdμ to ω 0 dμ, which is ωω −1 0 , and the Radon-Nikodym derivative of ω 2 0 ω −1 dμ to ω 0 dμ, which is ω 0 ω −1 .
μ). When considered as an operator from H − to H + , A admits a unique extension to a unitary operator A : H
− → H + , more precisely, A f = ω 0 ω −1 f , for all f ∈ L 2 ω 2 0 ω −1 (X ; μ). (d) The Hamiltonian H = A −1 , considered as a positive selfadjoint operator in H 0 , is defined by H h = ωω −1 0 h for all h ∈ Dom(H ) = L 2 ω 0 (X ; μ) ∩ L 2 ω (X ; μ) ∩ L 2 ω 2 ω −1 0 (X ; μ).−1 0 g, for all g ∈ L 2 ω (X ; μ). (e) The canonical unitary identification of H * + = L 2 ω (X ; μ) * with H − = L 2 ω 2 0 ω −1 (X ; μ) is the operator defined by ( g)( f ) := A f, g + = X ω 0 f gdμ, f ∈ H + , g ∈ H − ,
Triplets of Dirichlet Type Spaces: The General Case
Let N be a fixed natural number and consider the unit polydisc
We also consider H (D N ) the algebra of functions holomorphic in the polydisc, that is, the collection of all functions f : D N → C that are holomorphic in each variable, equivalently, there exists (a k ) k∈Z N + with the property that
where the series converges absolutely and uniformly on any compact subset in D N . Let α ∈ R N be fixed. Following Taylor [24] , for the one dimensional case, and Jupiter and Redett [16] , for the multidimensional case, the Dirichlet type space D α consists, by definition, on all functions f ∈ H (D N ) with representation (3.1) subject to the condition
where, with an abuse of notation, 
where f has representation (3.1) and similarly g(z)
A slightly different definition for this type of spaces has been introduced by Kaptanoglu [17] . For any α ∈ R N , on the polydisc D N one can define the following kernel
where, for w = (w 1 , . . . , w N ) ∈ D N one denotes w = (w 1 , . . . , w N ), the entry-wise complex conjugate. As usually, we let K α w = K α (w, ·). It turns out, as follows from Lemma 2.8 and Lemma 2.9 in [16] , that K α is the reproducing kernel for the space D α in the sense that the following two properties hold:
w α for all f ∈ D α and all w ∈ D N . It follows (this is actually a more general statement, e.g. see Aronszajn [3] ) that the set {K α w | w ∈ D N } is total in D α and that the kernel K α is positive semidefinite,. A partial order relation ≥ on R N can be defined by α ≥ β if and only if α j ≥ β j for all j = 1, . . . , N . In addition, α > β means α j > β j for all j = 1, . . . , N .
Let P N denote the complex vector space of polynomial functions in N complex variables, that is, those functions f that admit a representation (3.1) for which {a k } k∈Z N + has finite support. We consider now the additive group R N and a representation
, where L(P N ) denotes the algebra of linear maps on the vector space P N , defined by
where the polynomial f has representation (3.1) and {a k } k∈Z N + has finite support. The operators T α can be considered as special types of radial derivative operators, cf. Beatrous and Burbea [5] . 
When viewed as an operator from D 2α−β in D β , A admits a unique extension to a unitary operator
A : D 2α−β → D β . (d) The Hamiltonian operator H = A −1 is a positive selfadjoint operator in D α defined by H f = T β−α f for all f ∈ Dom(H ) = D α ∩ D β ∩ D 2β−α .In addition, σ (A) \ {0} = {(k + 1) α−β | k ∈ Z N + } and σ (H ) \ {0} = {(k + 1) β−α | k ∈ Z N + }. Moreover,
the two embeddings j ± are simultaneously continuous and this happens if and only if α ≤ β.
Proof Let X = Z N + , let A = 2 X be the σ -algebra of all subsets of X , and let μ denote the counting measure on X . Clearly, (X ; A; μ) is a σ -finite measure space. We define ω 0 , ω : X → (0, ∞) by
and
0 , ω, and ω −1 are trivially all measurable. Note that these are special cases of a canonical morphism from the additive group R N to the multiplicative semigroup of weights on the measure space (X ; A; μ). This morphism induces canonical unitary identifications of
with D α , as well as the like spaces. With respect to these identifications, the operator of multiplication with ω is exactly T β while the operator of multiplication with ω −1 is exactly T −β , and the like multiplication operators. Thus, we can apply Corollary 2.2 and get the properties (a)-(e), except 3.7, but this is only a straightforward verification using (3.3), (3.5), and (3.6).
In addition, observe that the μ-essential ranges of ω 0 ω −1 and of ωω 
Consequently, the kernel operator A is bounded if and only if its spectrum is bounded, and this is clearly equivalent with β ≥ α. Then, the continuity of the embeddings j ± is equivalent with that of A.
Triplets of Dirichlet Type Spaces: The Hardy Space H 2 (D N )
In the following we further investigate the special case of triplets when the middle space is D 0 . The notation is the same with that in the previous section. We first recall, following Rudin [21] , how the space D 0 is naturally identified with the Hardy space
Let T = ∂D denote the one-dimensional torus and let T N = T × · × T be the N -dimensional torus, also called the distinguished boundary of the unit polydisc D N (which is only a subset of ∂D N ). Also, we consider the product measure dm N = dm 1 
where, for consistency we have used the lower index 0, because it can be easily proven that this norm coincides with the norm · 0 with definition as in (3.4) (here 0 is the multi-index with all entries null). Thus, D 0 coincides as a Hilbert space with H 2 (D N ).
In addition, the reproducing kernel K 0 has a simple representation in this case, namely in the compact form
In view of the proof of Theorem 3.1, we get: 
and is an integral operator with kernel K α , in the sense that, for all f ∈ Dom(A), we have
In addition, σ (A)\{0}
= {(k + 1) −α | k ∈ Z N + } and σ (H )\{0} = {(k + 1) α | k ∈ Z N + }. Moreover,
the two embeddings j ± are simultaneously continuous and this happens if and only if α ≥ 0.
Proof This is a consequence of Theorem 3.1, except the integral formula in 4.1. To see this, fix j ∈ Z N + and 0 ≤ r < 1, and observe that
where the integral commutes with the series because z ∈ D N is fixed and the series converges absolutely and uniformly on the compact space T N . Letting r → 1−, this shows that 4.1 holds for all functions f (z) = z j with j ∈ Z N + and all z ∈ D N hence, by linearity, it holds for all f ∈ P N and all z ∈ D N as well. Further, let us note that P N is a core for the selfadjoint operator A, more precisely, for any f ∈ Dom(A) with representation as in (3.1), letting f n ∈ P N be the truncation of order n of the power series representing f ,
hence 4.1 is completely proven.
In case α ≥ 0 and α ≤ 0, that means that α j > 0 and α k < 0 for some j, k ∈ {1, . . . , N }, hence inf{(k + 1) α | k ∈ Z N + } = 0 and sup{(k + 1) α | k ∈ Z N + } = +∞, from Theorem 3.1 it follows that both the kernel operator A and the Hamiltonian operator H are unbounded. This case shows that the mixed sign case cannot be reduced either directly or dually to the case when the embeddings are continuous. In addition, when considering the embedding j + , we have Dom(
which is a linear manifold strictly contained in D α and strictly contained in H 2 (D N ) .
In the following we describe particular cases with respect to the multi-index α in Proposition 4.1, and point out the relations with classical Dirichlet spaces and Bergman spaces.
Case α ≥ 0.
Assume that α k ≥ 0 for all k = 1, . . . , N and that α k > 0 for some k ∈ {1, . . . , N }, that is, we exclude the trivial case α = 0. Since 
, the operator A is compact, 0 is not an eigenvalue but it is an accumulation point of the spectrum σ (A). Thus, j + is a compact embedding of D α into D 0 . On the other hand, the kernel operator of the embedding j − of D 0 into D −α is unitarily equivalent to A, hence j − is a compact operator as well.
In addition, the Hamiltonian operator H is a unbounded positive selfadjoint operator with σ (H ) = {(k +1) α | k ∈ Z N + }, hence it is boundedly invertible, actually the whole interval (−∞, 1) is in the resolvent set of H . As a linear operator in the Hilbert space D 0 , H acts as T α , see (3.6) , with maximal domain Dom( 
and, in this case, the norm · α on D α is equivalent to the norm · a,α defined by
Let A 2 α (D N ) denote this Hilbert space, with norm · a,α defined as in (4.2) (so, A 2 α (D N ) = D α as topological spaces, but not isometrically). A calculation similar with the one performed in the proof of Lemma 2.15 in [16] for N = 2, shows that,
where we denote −α
and use the generalized binomial coefficients. From here it follows that there exists
On the other hand, there is a naturally defined closed embedding of 
3)
and taking into account (e.g. see Hardy [15] ) that −α k−α is asymptotic to (k + 1) −α , it follows that the kernel operator A is unbounded, while the Hamiltonian operator H = A −1 is compact. This case is dual to that of α ≥ 0, when the embeddings were continuous, in an obvious fashion.
We consider the triplet of closed embeddings of Hilbert spaces
as an extension of the closed embedding j + , and want to find a suitable realization for the Hilbert space H − . This can be defined as the space of all functions f ∈ H (D N ) such that
with norm · − defined by
where for f we have used the Taylor representation (3.1).
4.3 Case N = 1 and α = 1.
We now specialize even more, letting N = 1 and α = 1. The classical Dirichlet space D is defined as the space of all functions f holomorphic in the open unit disc D and such that 
which, in terms of Taylor coefficients, is
The corresponding embeddings are compact as well, the kernel operator A is the integral operator
where the integral can be performed on any Jordan curve connecting 0 and z in D. A is a Hilbert-Schmidt operator with spectrum σ (A) = { 1 n | n ∈ N}, with all eigenvalues simple except the eigenvalue 1 that has multiplicity 2. The Hamiltonian operator H is a maximal differential operator 
which is unbounded, while the Hamiltonian operator H is defined by
and is a Hilbert-Schmidt operator. [14] and, respectively, Berezanskii [6] . We consider all Dirichlet type spaces 
